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Abstract— Slip is the major cause of falls in human locomo-
tion. We present a new bipedal modeling approach to capture
and predict human walking locomotion with slips. Compared
with the existing bipedal models, the proposed slip walking
model includes the human foot rolling effects, the existence of
the double-stance gait and active ankle joints. One of the major
developments is the relaxation of the non-slip assumption that
is used in the existing bipedal models. We conduct extensive
experiments to optimize the model parameters and to validate
the proposed walking model with slips. The experimental results
demonstrate that the model successfully predicts the human
walking and recovery gaits with slips.

I. INTRODUCTION

The fall-related economic and societal costs for elders and
professional workers are enormous. In the US only, the fall-
related costs for the elderly were over $19 billion dollars
in 2000 and the costs are likely to increase in the future
due to the aging population [1]. The fall-related injuries for
professional workers also increase by 42% from 2008 to
2012 in the US [2]. Slip is one of the major causes for
falling injuries. Modeling of walking locomotion with slips
is critical for helping prevent these injuries and loss.

Slip-and-fall has been extensively studied in the past
two decades, for example, [3], [4] and references therein.
Most of these studies focus on human subjects and clinical
experiments and few uses human locomotion dynamics to
analyze the slipping mechanism. On the other hand, bipedal
dynamics have been extensively used to design and control
robotic walkers [5], predict the human walking gait and
design the lower-limb prosthetic devices [6], [7]. However,
all of these bipedal models assume non-slip conditions at the
foot-floor contact and the results cannot be directly used to
study locomotion with slips.

The goal of this study is to develop an analytic bipedal
model for human walking with slips. We build a human
bipedal model with actuated ankle joints. The model includes
the dynamics of the both single- and double-stance motion.
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The model explicitly considers the foot contact slips and
therefore, it can predict the human gait under slips. We
conduct extensive human experiments to validate the model.

The main contributions of this work are twofold. First, for
the first time this paper extends the robotic bipedal models
to study human walking under foot slips. The new model not
only predicts the human gait with slips, but also is helpful
for understanding of the motion stability when slips happen.
Second, besides relaxing the assumption of non-slip foot-
floor contact, the new model brings innovative features and
properties compared with the other existing bipedal models.
For example, compared with the bipedal models with a point,
a flat or multi-contact foot in [5], [8], the new model includes
an experimentally validated foot contact shape. Unlike the
bipedal model in [7] that only deals with single-stance human
locomotion, the proposed model includes the human trunk
and also the double-stance phase in walking gaits, which
is crucial for slips and fall motion. Compared with the
work in [6] that include the double-stance, the proposed
model includes the active ankle joints and also generates
the experiments-matched ground reaction forces (GRF) [9].

The rest of the paper is organized as follows. We first
review the related work in Section II. In Section III, we
present the bipedal dynamic model slips. The experiments are
presented in Section IV. We conclude the paper in Section V.

II. RELATED WORK

The proposed slips-and-fall bipedal modeling work are
related to several research topics such as slip biomechanics,
bipedal robotics, and in-situ sensing of human motion.

Extensive research have been reported in studying biome-
chanics of foot slips and falls. To quantify the slipperiness
and predict the slips, required coefficient of friction (RCOF),
defined as a ratio of the total friction and normal forces
between the shoe and the ground, is proposed and used [3].
To predict the real-time RCOF, the work in [10] use the
kinematic relationship of the human body’s center of mass
(COM) and the center of pressure (COP) of the shoe-floor
contact. In [4], a 7-link, 9-degree-of-freedom (DOF) walking
model with a 16-element foot model is used to simulate the
human reaction control to a novel slip in gait. In [11], a
simulation model is optimized with human experiments and,
stability results are obtained and compared with the dynamic
balance analyses by a simple invented pendulum model. The
2D musculoskeletal model is also used in [12] to determine
the impact of the reduced RCOF on gait kinematics.

Bipedal modeling and control are extensively in robotic
walking design; see [5] and the references therein. Due to the
foot impact on the ground in each strike, a hybrid dynamic



model is commonly used to describe the continuous dynam-
ics in the single- or double-stance periods with discrete-
switch mappings to capture the foot contact impacts. Point
or flat foot models are employed in these bipedal robotic
dynamics. Using the hybrid zero dynamics concept [13],
a low-dimensional normal human walking model has been
presented in [6] and a state feedback control is designed
to track the gait profile parameterized by the stance phase
variable, rather than time [5].

Use of the bipedal robotic dynamic models to study human
locomotion is reported recently. In [6], the bipedal model is
used to study human gaits with fixed ankle joints. Both the
single- and double-stance phases are included in the model
and a hybrid zero dynamic control is designed to track the
human gait profile. Although the kinematic variables such as
hip, knee and HAT (head, arms and trunk) joint angles match
the human gaits, the predicted GRFs have large discrepancies
with experiments. In [7], an optimization process is used to
determine the values of the model parameters to match the
human gaits. Only single-stance locomotion is considered in
the model without the HAT. The kinematics of the model
predictions match the human gaits and no predicted GRF
results are reported. The models in [6], [7] use the circular
curved foot-floor contact. All of the above-mentioned bipedal
models are built on the assumption of no slips.

The measurement of slipperiness and the devices to mea-
sure the friction between the shoe and the floor are discussed
in [14]. Force plate is the most commonly used device to
measure the GRF and to calculated the foot contact COP.
However, force plates cannot be used for monitoring daily
activities outside the laboratory. In recent years, wearable
insole pressure measurement devices were developed to
obtain the normal GRF (e.g., [15]). We use an integrated
sensor suite inside shoes to measure the 3D GRF. The details
of these sensors are discussed in [9]. Combining with the
wearable motion sensors (e.g., [16]), we obtain the limb
poses and forces in indoor or outdoor environment.

III. BIPEDAL WALKING MODEL WITH SLIPS

A. System Configuration

Fig. 1(a) illustrates the setup of the coordinates for bipedal
model. The human motion is considered only in the sagittal
plane. The human body is considered as a 7-link rigid body.
The HAT is considered as one link that is connected to the
left- and right-thigh. The human has two active hip joints,
two active knee joints and two active ankle joints. Similar
to [7], we use relative angles qi, i = 2, . . . , 7 to define
the system configuration and absolute angle q1 denotes the
leading leg orientation with respect to the vertical direction.

We define qa = [q1 · · · q7]T as the gait configuration. The
foot-floor contact is considered as a circular disk with radius
R rolling on the solid ground; see Fig. 1(b). To capture the
slip motion of stance foot, we denote the position of rotating
center Or of the stance foot rolling as [xo yo]

T . We define a
slipping vector qs = [xs ys]

T = [xo +Rφ yo −R]T , where
φ is the absolute angle of the stance foot with respect to
the vertical direction. It is straightforward to see that when

the stance foot is purely rolling on the ground, qs = 0. To
completely determine the walking gait with slips, we define
generalized coordinates qe = [qT

a qT
s ]

T .

x

y

q7

q1

−q2

−q3−q4

q5

q6

ClCt

H

(a)

Ankle joint

Or(xo, yo)

R

S T

C

φ

(b)

Fig. 1. (a) Schematic of the 7-link human walking model with curved foot
contact. (b) Schematic of the foot-contact model.

A human walking cycle consists of a series of repeated
sequential movements. The hybrid bipedal dynamics include
the single-stance phase and the double-stance phase [5]. The
hybrid model diagram shown in Fig. 2 captures the basic
characteristics of the discrete-continuous dynamics.

B. Bipedal Dynamics without Slips

The non-slip single-stance dynamics are described as [5]

Σs : Ds(qa)q̈a +Cs(qa, q̇a)q̇a +Gs(qa) = Bsu, (1)

where Ds(qa), Cs(qa, q̇a), Gs(qa) and Bs are the inertia,
Coriolis, gravity and input mapping matrices, respectively.
There are six joint torque inputs u ∈ R

6 and the system is
underactuation since absolute joint angle q1 is not controlled
by any joint torque. A feedback linearization approach is
adopted to control the joint angles qa to follow a desired
trajectory that is specified by a progression variable θ =
cqa, where c is a constant progression vector. The feedback
linearization controller enforces the virtual constraint

y = h(qa) = H0qa − hd(θ) = 0. (2)

The 7-link human walker is subject to gravitational force
and stance foot GRF, including normal force Fn and tan-
gential force Fx. During the double-stance phase, both the
leading and trailing feet are in contact with the ground at
contact points Cl and Ct, respectively, see Fig. 1(a). We here
consider a general modeling approach by defining slipping
vectors gl(qe) ∈ R

2 and gt(qe) ∈ R
2 of contact points Cl

and Ct, respectively. Because of the constraints at the foot-
floor contact, the equations of motion during the double-
stance can be expressed as

Σd : De(qe)q̈e+Ce(qe, q̇e)q̇e+Ge(qe) = Beu+ET
e F e,

(3)
where De(qe), Ce(qe, q̇e), Ge(qe) and Be are the inertia,
Coriolis, gravity and input mapping matrices, respectively.
Matrix Ee = [∂gt(qe)

∂qe

∂gl(qe)
∂qe

]T ∈ R
4×9 describes the



contact constraints and F e = [Fxt Fnt Fxl Fnl]
T is a vector

of the collection of the friction and normal forces at Ct and
Cl. With non-slip conditions at Cl and Ct, we have four
constraints Eeq̇e = 0 and the number of DOF of (3) is 5.

Because of six active joints and five degrees of freedom,
the system is overactuated. Using a similar derivation in [6],
the constrained dynamics can be reformulated as

Ddiq̈di +Cdiq̇di +Gdi = Mdiu, (4)

where subscript “di” denotes double-stance independent vari-
ables, qdi = [q1 q2 q3 q5 q7]

T and Mdi ∈ R
5×6 maps the

six joint torques into the five dimensional dynamics. We take
a simple linear constraint of the joint torques by the single-
stance joint torque profiles to fully determine u. To predict
double-stance human gaits by (4), a Bézier polynomial is
used to parameterize the desired trajectory of qd

di [5].
To calculate F e, we take time derivative of kinematic

constraint Eeq̇e = 0. Stacking with (3), we obtain (argument
variables in the coefficient matrices are dropped for clarity)[

De −ET
e

Ee 0

] [
q̈e

F e

]
=

[
Be

0

]
u−

[
Ce

Ėe

]
q̇e −

[
Ge

0

]
. (5)

Since coefficient matrix is full rank, both q̈e and forces
F e are obtained with the known u. We express the impact
mapping Hd

s as the pre-impact joint velocity q̇−
e of the

single-stance phase to the post-impact joint velocity q̇+
e of

the double-stance phase as

Hd
s :

[
De(q

−
e ) −ET

e

Ee 0

] [
q̇+
e

δF e

]
=

[
De(q

−
e )q̇

−
e

0

]
. (6)

Also, we know that q+
e = q−

e . The transition from the
double-stance to single-stance phases is obtained as Hs

d :
q+
e = q−

e , q̇
+
e = q̇−

e .
To apply the bipedal model to human gait, we need to

tune the model parameters to fit the human walking data. For
single-stance dynamics (1), we need to identify and match
the virtual constraint h(qa) in (2) from the collected joint
angles. The desired trajectory hd is parameterized by the
Bézier polynomial. To fit the double-stance model (3), we
choose to optimize the Bézier spline parameters αd such
that the desired trajectory qd

di = qd
di(αd, t) approximates the

human walking. We take the joint angular acceleration into
the optimization process because the GRF matching is one
of the targets besides the joint angles. To achieve such goal
and obtain optimal αd, we minimize

Jd(αd) =

∫ tf

t0

‖qd
di(αd, t)− qe

di‖2 + γ‖q̈d
di(αd, t)‖2dt,

where γ > 0 is a weighting factor and [t0, tf ] is the time
interval and qe

di is the measured joint angle profiles. By
the property of the Bézier polynomials, optimal αd can be
obtained using a scaled conjugate gradient method.

C. Bipedal Model with Slips

Fig. 2 shows the finite state diagram of the hybrid bipedal
model with slips. For the normal walking gait, the hybrid
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Fig. 2. Finite state diagram of human walking gait with slips.

dynamics contain two states: non-slip single-stance (S1) and
double-stance (S2) phases.

The foot slip can happen during the single- and double-
stance phases. Therefore, two new states are introduced for
the gaits with slip: single-stance slip phase S3 and double-
stance slip phase S4. State S4 includes the cases where slip
happens on the stance leg only, the swing leg only, or the
both legs simultaneously. The transitions shown in the figure
represent the human slip recovery strategies. For example,
as we will show in the case study in Section IV, one slip
recovery strategy can be represented in the sequence of S1 →
S4 → S3 → S1. The human starts with normal single-stance
S1 without slip. Slip is initiated right after the swing leg
touches on the ground (S4). When slip evolves, the swing
leg is lifted off the ground so the walking gait is in single-
stance slip phase (S3). Then, the swing leg touches down on
the ground and becomes a non-slip stance leg. Meanwhile,
the other slipping leg leaves the ground contact and the gait
recovers to the non-slip single-stance phase (S1). The details
of each transition in the finite state diagram are out of the
scope of this paper.

Due to slips, we use qe = [qT
a xs ys]

T to describe the
motion. The dynamic model is obtained as⎡

⎢⎢⎣
D11

es D12
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D21
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D31
es D32
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⎤
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ẍs

ÿs

⎤
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C21
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C31
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Ces

⎡
⎣ q̇a

ẋs

ẏs

⎤
⎦

+

⎡
⎢⎢⎣
G1

es

G2
es

G3
es

⎤
⎥⎥⎦

︸ ︷︷ ︸
Ges

=

⎡
⎣Besu

Fx

Fn

⎤
⎦ =

[
Besu
F es

]
, (7)

where Des ∈ R
9×9, Ces ∈ R

9×9, Ges ∈ R
9 and Bes ∈

R
7×6 are the inertia, Coriolis, gravity and input mapping

matrices, respectively. External force F es = [Fx Fn]
T is the

friction and normal forces at the stance foot.
Note that the stance foot always lies in contact with the

ground during slipping and therefore, we have constraint
ys = 0. Also, we have Fx = −μFn, where μ is the
friction coefficient between the shoe and the floor. With these
constraints, we simplify (7) by defining qes = [qa xs]

T ∈ R
8

and eliminating Fn and finally obtain

Σs
s : Ds

esq̈es +Cs
esq̇es +Gs

es = Bs
esu, (8)



where

Ds
es =

[
D11

es

D21
es + μD31

es

]
, Cs

es =

[
C11

es

C21
es + μC31

es

]
∈ R

8×8,

Gs
es =

[
G1

es

G2
es + μG3

es

]
∈ R

8, Bs
es =

[
Bes

0

]
∈ R

8×6.

System (8) has eight state variables and six joint torques as
inputs and therefore, it is underactuated. The absolute joint
angle q1 and the slipping distance xs are underactuated vari-
ables. To use model (8) for human gait prediction, we adopt
a similar controller for non-slip case. A six-dimensional
holonomic virtual constraint y = h(qa) = H0qa−hd(θs) is
used, where θs = csqa and cs is chosen to insure [HT

0 cTs ]
T

has full rank. Similar to the non-slip case, the control u is
designed to drive the outputs (and their derivates) to zero and
the zero dynamics can be obtained. Indeed, the dynamics of
ẋs are part of the zero dynamics of the system.

During the double-stance slip gait, either only one of two
feet slips while the other foot purely rolls on the ground, or
both feet slide on the ground. These two situations share the
same equations of motion (3) but with different governing
constraints. For the first case, we always define the non-
slipping leg as the stance leg and from the stance leg, we
define the absolute joint angle q1, see Fig. 1(a). For the
second case, we take either leg as the stance leg.

By such arrangements, for the first case, without loss of
generality, we assume that the trailing leg is non-slip, stance
leg and have constraints gt(qe) = 0 and (gl(qe))2 = 0,
where (gi(qe))j , i = l, t, j = 1, 2, represents the jth
coordinate of slipping vector gi(qe). Moreover, we have
the kinetic constraints Fxl = −μFnl for slipping foot.
Similarly, for the second case, we have kinematic constraints
(gt(qe))2 = (gl(qe))2 = 0 and kinetic constraints Fxt =
−μFtn and Fxl = −μFnl. We here only present the first
case and similar results can be obtained for the second case.

Because of constraints gt(qe) = 0 and gl(qe)2 = 0, we
obtain ∂gt

∂qe
q̇e = 0 and ∂(gl(qe))2

∂qe
q̇e = 0. Using the definition

of Ee in (3), these kinematic constraints are written into
Eesq̇e = 0, where Ees := (Ee)[1,2,4] ∈ R

3×9 is a matrix
formed by taking rows 1, 2 and 4 of Ee. Similarly, the kinetic
constraint is used to re-write the force vector in (3) as

F e =

⎡
⎢⎢⎣
1 0 0
0 1 0
0 0 −μ
0 0 1

⎤
⎥⎥⎦

︸ ︷︷ ︸
Cf

⎡
⎣Fxt

Fnt

Fnl

⎤
⎦

︸ ︷︷ ︸
F e3

= CfF e3. (9)

By taking derivative of velocity constraint Eesq̇e = 0 and
stacking with the simplified (3) and (9), we obtain[
De −ET

e Cf

Ees 0

]
︸ ︷︷ ︸

Ds
ext

[
q̈e

F e3

]
=

[
Be

0

]
︸ ︷︷ ︸
Bs

ext

u−
[
Ce

Ėes

]
q̇e −

[
Ge

0

]
︸ ︷︷ ︸

Cs
ext

.

Matrix Ds
ext has full rank and therefore q̈e and F e3 are

uniquely determined once the current state variables and joint
torques u are given. Since the three dimensional constraints

Eesq̇e = 0 are enforced, the degrees of freedom of the
system are 9−3 = 6. Therefore, the system is fully actuated.

Letting qi = [q1 q2 q3 q4 q5 q7]
T = Sqe be the indepen-

dent variables, where S ∈ R
6×9 is a constant transformation

matrix from qe to qi, we express q̈i = S(Ds
ext

−1Bs
extu +

Ds
ext

−1Cs
ext), where SDs

ext
−1Bs

ext ∈ R
6×6 is a full rank

matrix. To track a given trajectory qd
i , the controlled joint

torque is designed through feedback linearization.
The impact model under slip can be obtained from the

results for the non-slip case. The main difference is that
the slip can happen right after the impact and therefore, the
velocity of heel-touch contact point Cl is possibly nonzero,
unlike zero in non-slip case. From the previous discussion,
we have the velocity constraint Eeq̇e = vslip = [0 0 vslip 0]T ,
where vslip is the slipping velocity of Cl (along the x-axis
direction) after the heel-touch impact. Therefore, we obtain

HSd
s :

[
De(q

−
e ) −ET

e

Ee 0

] [
q̇+
e

δF e

]
=

[
De(q

−
e )q̇

−
e

vslip

]
. (10)
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Fig. 3. The slip and fall experimental setup with various sensor suites.

IV. EXPERIMENTS

Fig. 3 shows the experimental setup for this study. The
human subjects walk on the wooden platform in the lab-
oratory. The human subject is first asked to walk on the
platform to become familiar with the testing environment
before he is asked to walk on the platform with reduced
friction coefficients. The portion of the platform with the
reduced coefficient of friction is not noticeable to the subject
such that he keeps the normal gait before slip starts.

The human walking gait is captured by the optical motion
tracking system (8 Bonita cameras from Vicon Inc.). Two
six degree-of-freedom (6-DOF) force/torque sensors (model
SS-1 from INSENCO Co., Ltd) are located inside the shoe
to measure the 3D GRF and torques of the foot-floor con-
tact; see Fig. 3. The GRF sensors and the motion capture
system are synchronized for data collection. The details of
discussion about the experimental setup are reported in [9].

We test and validate the foot rolling geometry using the
normal walking motion data. Fig. 4(a) shows the foot center
of pressure (COP) trajectory in the ankle frame. The data
confirm the circular shape of the rolling model with radius
R = 0.22 m. Fig. 4(b) further shows the comparison results
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Fig. 4. (a) The foot-floor contact rolling geometry. The red stars indicate
the COP trajectory in the ankle frame and the blue curve is the fitting
circular shape. (b) GRF (Fn and Fx) of the stance leg without slips.

of the GRF (Fn and Fx) of the stance leg. Unlike the diverge
results in literature (e.g., [6]), the model prediction results
follow the trend of the force measurements. The discontinuity
of the predicted GRF takes place at the phase switching
moments due to the calculation errors of the joint angle
accelerations from the models.

We next demonstrate the model prediction results for slip
recovery gait experiment. Fig. 5(a) shows a snapshot of the
slip recovery gait. The human starts the normal gait with a
single-stance phase (S1 in Fig. 2) at t = 0 s. At t = 0.32
s, the (left) swing leg touches down on the slippery floor
and then starts slipping. At this moment, the (right) foot is
still in touch with the floor without slip and the human gait
lies in double-stance slip phase (S4). At t = 0.61 s, the
(right) swing foot leaves the ground (toe-off) and the (left)
stance foot still slips. The gait enters the single-stance slip
phase (S3). The walker quickly reacts the slip event. At t =
0.96 s the (right) swing foot touches down, the (left) stance
foot leaves the ground and the gait becomes a recovered
single-stance phase without slipping (S1). Fig. 5(b) shows
the human skeleton data measured by the motion capture
system and Fig. 5(c) demonstrates the skeleton constructed
by the model predicted joint angles.

Fig. 6 shows the seven joint-angle comparison results
of the model prediction and the measurements by the mo-
tion capture system. The results clearly confirm that the
model prediction follows the experiments closely in the
entire gait recovery process. Fig. 6(h) shows the slipping
distance comparison and again, the model prediction follows
the experiment. Figs. 7(a) and 7(b) show the normal and
tangential GRF for the both feet. The GRF comparison
clearly show that except the double-stance slip case during
t = 0.32 to 0.61 s, the GRF predictions match the measure-
ments. However, during the double-stance slip period, the
force prediction are not accurate. We are currently working
on improvement of these double-stance force calculations.
Fig. 7(c) shows the coefficient of friction (COF) of the
stance-foot contact during the slip recovery process. Before
slips start (around 0.32 s), the required (actual) COF lies in a
range of |μ| < 0.2, which is far less than the available foot-
floor friction coefficient (measured as close to 1 of the dry
rubber-wood contact [9]). At t = 0.32 s, the available COF
is less than 0.05 due to the fluidic soap film on surface. As
shown in Fig. 7(c), the required COF is around μ = 0.05,

which is much smaller than the available COF. Therefore,
slip starts when the foot touches down at that moment.

V. CONCLUSIONS

This paper presented a robotic bipedal dynamic model for
human walking gait with foot slips. We relaxed the non-slip
assumption used in the existing bipedal robotic models. A
general hybrid bipedal model and the gait controllers were
developed for human walking with foot slips. Experiments
were conducted using the wearable force sensors to capture
the ground reaction forces during the normal no-slip walking
and the slipping recovery gaits. The comparison results
confirmed that the model prediction match the experiments
in both the joint angles and the GRF, which has not been
reported previously. The new bipedal model can be poten-
tially used for developing assistive robotic systems to prevent
human from falling due to slips.
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(b)

t = 0.01s t = 0.16s t = 0.28s t = 0.35s t = 0.56s t = 0.60s t = 0.69s t = 0.78s t = 0.87s t = 0.96s

(c)

Fig. 5. A snapshot of the recovery human gait from slip. (a) Video snapshot. (b) Human 7-link skeleton from the optical motion capture system. The
empty-circle dots indicate the reflective optical marker locations. (c) Skeleton prediction by the bipedal model. In (b) and (c), a red triangle is plotted to
indicate the location where the left leg starts slipping.
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Fig. 6. (a)-(g): Joint angle (q1 to q7) comparisons between the model prediction and the experiments during slip recovery gait. The solid lines represent
the model predictions and the dash lines show the experimental data. (h) Slipping distance xs of the (left) stance leg during the slip recovery experiment.
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Fig. 7. Comparison results of the GRF and friction coefficient during the slip recovery. (a) Normal GRF Fn. (b) Tangential GRF Fx. (c) Friction
coefficient µ of the stance leg foot. In (a) and (b), the model prediction forces for the left- and right legs are plotted as the blue solid and red circle lines,
respectively, and the experiments are plotted as the blue dotted and the red dash lines. In (c), the model predicted and experimental µ in non-slip phase is
plotted by the red empty circle and the dash lines, respectively, and these in the slip phase by the blue solid and dash lines, respectively.


